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Agenda

Quicksort
▶ Continued from last lecture
▶ Proof of Correctness
▶ Time Complexity

Comparison-Based Sorting
▶ Lower Bounds
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▶ Correctness of the PARTITION function
▶ Loop Invariant

▶ Proof by Induction on the number of array elements
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Quicksort

Define
▶ Let x = A[r ]

▶ LEFT := A[p : i ]

▶ RIGHT := A[i + 1 : j − 1]
▶ UNKNOWN := A[j : r − 1]

Observe
▶ i is th last index of LEFT
▶ j is the first index of UNKNOWN
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Quicksort

Define
▶ Let x = A[r ]

▶ LEFT := A[p : i ]

▶ RIGHT := A[i + 1 : j − 1]
▶ UNKNOWN := A[j : r − 1]

Loop Invariant
▶ ∀a ∈ LEFT , a ≤ x

▶ ∀b ∈ RIGHT , b > x
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Loop Invariant

Initialization
▶ LEFT : A[p : p − 1] = ∅
▶ RIGHT : A[p : p − 1] = ∅

Maintenance
▶ A[j ] ≤ x

▶ i ++
▶ A[i ] ↔ A[j ]
▶ j ++

▶ A[j ] > x
▶ j ++
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Loop Initialization

Termination
▶ j = r

▶ A[j : r − 1] = ∅
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Time Complexity

▶ (Un)balanced Partitions
▶ Worst-case
▶ Best-case
▶ Balanced
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Quicksort

Worst-case Time Complexity

T (n) = max
0≤q≤n−1

(
T (q) + T (n − q − 1)

)
+Θ(n)

T (n) = Θ(n2)
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Comparison-Based Sorting

Insertion Sort

Merge Sort

Quicksort



Data Structures and Algorithms

Decision Trees
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Lower Bound

Any comparison sort algorithm requires Ω(n log n) comparisons
in the worst case.


